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Abstract. Any pseudo-Hermitian or para-Hcrmitian manifold of dimension 
4 admits a unique Kahler-Weyl structure; this structure is locally conformally 
Kahler if and only if the alternating Ricci tensor p a vanishes. The tensor p a 
takes values in a certain representation space. In this paper, we show that any 
algebraic possibility H in this representation space can in fact be geometrically 
realized by a left-invariant Kahler-Weyl structure on a 4-dimensional Lie group 
in either the pseudo-Hermitian or the para-Hermitian setting. MSC 2010: 
53A15, 53C15, 15A72. 



1. Introduction 

Let M be a smooth manifold of dimension m = 2rh > 4 with H 1 (M;M) = 0; 
we are only really interested in local theory so this cohomology vanishing condition 
poses no real restriction. Let V be a torsion free connection on the tangent bundle 
of M , and let g be a pseudo-Riemannian metric on M of signature (p, q). 

1.1. Weyl structures. The triple {M, g, V) is said to be a Weyl structure and V 
is said to be a Weyl connection if there exists a smooth 1-form (f> on M so that 

V.9 = -20(g) g . 

Weyl [33] used these geometries in an attempt to unify gravity with electromag- 
netism - although this approach failed for physical reasons, the resulting geometries 
are still of importance and there is a vast literature on the subject. See, for exam- 
ple, [2 [TUJ HU HS1 EZH ; note that the indefinite signature setting is of particular 
importance [3j Q3J H2 [22] as is the complex setting [HI [HI [23]. The field is a 
vast one and we only cite a few representative recent examples. We introduce the 
following notational conventions and follow the treatment of [5] (Section 6.5) which 
is based on work of [5] Q2J HH1 US]- Let TZ be the curvature operator of a Weyl 
connection V and let R be the associated curvature tensor: 

TZ(x,y)z := (V x V y - V y V x - V[ x>y ))z and R(x,y, z,w) := g(TZ(x,y)z,w) . 

Let p be the Ricci tensor, let p a be the alternating Ricci tensor, and let p s be the 
symmetric Ricci tensor. 

p(x,y) := Tr{z ->■ K(z,x)y}, p a (x,y) = \{p{x,y) - p{y,x)), 

Ps{x,y) = \{p{x,y) +p(y,x)). 

We have the symmetries: 

R(x, y, z, w) + R{y, x, z, w) = 0, 

R(x, y, z, w) + R{y, z, x, w) + R{z, x, y, w) = 0, (La) 
R(x, y, z, w) + R(x, y, w, z) = -±p a (x, y)g{z, w) . 

This is a conformal theory; if g = e 2 ? g is a conformally equivalent metric, then 
(M,g,V) is again a Weyl structure with associated 1-form <fi := <fi — df. The 
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Weyl structure is said to be trivial (or integrable) if V is the Lcvi-Civita connec- 
tion of a conformally equivalent metric or, equivalently (given our assumption that 
iJ 1 (M;R) = 0), if d(f> = 0. The following formula shows that the Weyl structure is 
trivial if and only if pa = 0: 

# = -£p<,. (Lb) 

1.2. Complex manifolds. Let J_ be an almost complex structure on M, i.e. an 
automorphism of the tangent bundle TM so that J 2 . = — Id. We say that J_ is 
integrable if there exist local coordinates {x\, Xfh, yi, Vm) on a neighborhood 
of any point of M so that 

J-d Xl = d Vi and J-d Vi = —d Xi . 

We define the Nijenhuis tensor by setting: 

Nj_ (x, y) := [x, y] + J_ [J-X, y] + J_ [x, J-y] - [J-X, J_y] . 

Then J_ is integrable if and only if Nj_ vanishes. Let T C M := TM ® R C be the 
complexified tangent bundle. Let W± be the ±>/— T eigenbundles of J_: 

W± := {Z eT c M : J-Z = ±yf^lZ} (l.c) 

= c{£tV=TJ-£} B€TM . 

The distribution W_ (or, equivalently, W+ = W-) determines the almost complex 
structure J_. Furthermore, J_ is integrable if and only if the complex Frobenius 
condition is satisfied: 

[C 00 (W_),C 00 (>V_)] c C°°(W-). 

1.3. Para-complex manifolds. Let J + be an almost para-complex structure on 
M, i.e. an automorphism J + of TM so that J\ = Id and so that Tr(J + ) = 0. We 
say that J + is integrable if there exist local coordinates (xi, ...,Xfh,Ui, ■■■,2/m) on a 
neighborhood of any point of M so that 

J+dxi = d Vi and J+d Vi = d Xi for 1 < i < fh . 

We form the real eigenbundles 

W± := {X e C°°{TM) : J+X = ±X} = {E±J+E} EeTM ■ 

Then J+ is integrable if and only if [C°°(W±), C°°{W±)] C C°°{W±); in contrast 
to the complex setting, both conditions are required. The Nijenhuis tensor in this 
context is defined by 

N J+ {x, y) ~[x,y}- J+ [J+x, y] - J+ [x, J+y] + [J + x, J+y] ; 

the two distributions {W+,yV_} determine J+ and the para-complex structure is 
integrable if and only if Nj + = 0. 

1.4. (Para)-Kahler Weyl structures. Let g be a pseudo-Ricmannian metric on 
M of signature (p, q). In the complex setting, we assume that J_ is almost pscudo- 
Hermitian (i.e. J_<? = g) and in the para-complex setting, we assume that J + is 
almost para-Hermitian (i.e. J + g = —g); here, we extend J± to act naturally on 
tensors of all types. We shall use the notation J± as it is a convenient formalism 
for discussing both geometries in a parallel format; we shall never, however, be 
considering both the complex setting (— ) and the para-complex setting (+) at the 
same moment. 

Let (M, g, V) be a Weyl structure and let (M, g, J±) be a pseudo-Hermitian (— ) 
or a para-Hermitian (+) structure. We say that the quadruple (M, g, V, J±) is a 
Kahler-Weyl structure if VJ± = 0; this necessarily implies that J± is integrable 
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so we restrict to this setting henceforth. We then have the additional curvature 
symmetry: 

R(x, y, J±z, J±w) = =pR(x, y, z, w) . (l-d) 

We say that the Kahler-Weyl structure is trivial (or integrable) if V is the Levi- 
Civita connection of some conformally equivalent Kahler metric. As the Kahler- 
Weyl structure is trivial if and only if the alternating Ricci tensor p a — 0, attention 
is focused on this tensor. Pedersen, Poon, and Swann [27] used work of Vaisman 
[321133] to establish the following result in the positive definite setting; the extension 
to the pseudo-Hermitian or to the para-Hermitian setting is immediate (sec, for 
example, the discussion in [2]): 

Theorem 1.1. If m > 4, then any Kahler-Weyl structure is trivial. 
Thus only dimension m = 4 is interesting in this theory. Let 

denote the Kahler form. Let 6 be the co-derivative. If * is the Hodge operator and 
if riij-k are the components of V 9 f2, then the Lee form is given by: 

5Q = — *d*Cl = g tj Qij. k dx k . 

Note that J±5£l is called the anti-Lee form. We refer to Section 13.11 for further 
details. The following result was established 16 in the Riemannian setting; the 
proof extends without change to this more general context - we also refer to [5] E] 
for another treatment and to [12) for related material. 

Theorem 1.2. Every para-Hermitian (+) or pseudo-Hermitian (—) manifold of di- 
mension 4 admits a unique Kahler-Weyl structure where we have that <f> = ±i J±Sil. 
V x y := V£y + <l>{%)y + 4>{y)x — g{x, y)4>* (here 4>* is the dual vector field), and 
Pa = TdJ±SCl = —2dcj). 

1.5. The (para)-unitary group. We study the quadruple (TpM, gp, J±,p, Rp) 
where P is a point of a Kahler-Weyl manifold. We shall eventually be interested in 
the homogeneous setting and thus the point P will be inessential. We pass to the 
algebraic setting and work abstractly. Let (V, (•, •), J±) be a pseudo-Hermitian (— ) 
or a para-Hermitian (+) vector space. Introduce the following structure groups: 

O = 0(V, (; •)) := {T € GL(V) : T*(; •) = (•, •)}, 
U = U(V, •), J±) :={TeO: TJ ± = J±T}, 
U* =U*{V, {;■}, J±) := {T £ O : TJ ± = J±T or TJ± = - J±T} . 
There is a natural Z2 valued character \ of U* so that 

T J± = x(T) ■ J±T for T e U* . 

We let Co and Uq denote the connected component of the identity. 

These groups act on tensors of all types. Let lJ be the trivial U* module and, 
by an abuse of notation, let x be the linear representation space corresponding to 
the character given above. We define the following modules: 

Sg tT = {0 G S 2 : J ± 6 = TO and 6 _L (•, •)}, Si = {0 G S 2 : J±0 = ±0}, 
A o. T = {^ A2: j ±° = T0 and _L Q}, A 2 ± = {0 e A 2 : J ± = ±0}. 

The O module decomposition V* <E) V* — A 2 ® S 2 is an orthogonal direct sum of 
the alternating and symmetric 2-tensors. We may further decompose: 

A 2 = x © A 2 + © A 2 _, S 2 = II ® S 2 + ® 5 2 (complex setting), 

A 2 = x © A„,_ © A+, S 2 = ll © S 2 _ © S 2 + (para-complex setting) . 
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The decompositions of A 2 and S 2 given above are into irreducible and inequivalent 
U* modules. In the para-Hermitian setting, the modules are not irreducible if 
we replace U* by U. In the Hermitian setting, these modules are still irreducible 
but not inequivalent if we replace 1A* by U. Thus hi* is the appropriate structure 
group for our purposes . The space of algebraic Kahler-Weyl curvature tensors is 
given by C ® A V* is defined by imposing the symmetries of Equation (|l.ap and 
Equation (| 1 .d|) . There is [5] an orthogonal direct sum decomposition of into 
inequivalent and irreducible W*-modules: 

Wi © W 2 © Wa © £q j+ © L 2 _ (complex setting) 
Wi © W 2 © W 3 © L^'_ © L\ (para-complex setting) 

We have W3 = ker(p) n &w and, furthermore, that p s and p a define U* module 
isomorphisms [2j[2lll] : 

Tr(p) : , p s : W 2 ^Usl T , p a : L 2 Q , T ^>A 2 ^ p a :L 2 ± ^A 2 ± . 

We note for further reference that in dimension 4 we have: 

dim{Wi} = 1, dim{VF 2 } = 3, dim{W 3 } = 5, 
dim{Ag T } = 3, dim{L 2 ± } = 2 . 

1.6. Lie groups. Let G be a 4-dimensional Lie group which is equipped with 
an integrable left invariant complex structure (resp. para-complex structure) and 
a left invariant pseudo- Hermitian metric (resp. para-Hermitian metric). Then 
the associated Lie algebra g is equipped with an almost complex structure (resp. 
para-complex structure) with vanishing Nijenhuis tensor and a pseudo-Hermitian 
(resp. para-Hermitian) inner product (•,•). Conversely, given (g, (■,■), J±) where 
g = (M 4 , [■, ■]) is a 4-dimensional Lie algebra equipped with an integrable pseudo- 
Hermitian (— ) or para-Hermitian (+) structure, there is a unique simply connected 
Lie group G with Lie algebra q so J± induces a left invariant integrable complex 
(resp. para-complex) structure on G and (•, •) induces a left-invariant pseudo- 
Hermitian metric (resp. para-Hermitian metric) on G. Thus we can work in the 
algebraic context henceforth. Fix a pseudo-Hermitian (— ) or para-Hermitian (+) 
vector space (V, (•,•), J±). Given H € Ag + © A 2 , or S e A§ _ © A^, we shall try 
to define a bracket [•, •] so that J± is integrable and so that if V is the associated 
Kahler-Weyl connection, then p a = H; by Equation (jl.bp and Theorem 1 1.2 1 one has: 

dJ-5£l if J- is complex 
-dJ + 5fl if J+ is para-complex 

The following theorem is the fundamental result of this paper (we refer to [5] for 
a survey of other results concerning geometric realizability): 

Theorem 1.3. 

(1) Let (V, (•,•), J_) be a A- dimensional Hermitian vector space of signature 
(0,4). Then every element of Ag , ©A 2 , is realizable by a 4-dimensional 
Hermitian Lie group. 

(2) Let (V, (•, •), J+) be a 4-dimensional para-Hermitian vector space of signa- 
ture (2, 2). Then every element of Aq _©A^ is realizable by a 4-dimensional 
para-Hermitian Lie group. 

Remark 1.4. The corresponding geometrical realization question without the as- 
sumption of homogeneity was established previously in [TJ [5] ; the question at hand 
of providing homogeneous examples realizing all such tensors S was posed to us by 
Prof. Alekseevsky and we are grateful to him for the suggestion. Related questions 
have been examined previously. See, for example, the discussion in [T7] of homoge- 
neous Einstein-Weyl structures on symmetric spaces, the discussion in [?] of (com- 
plex) 3-dimensional homogeneous metrics which admit Einstein-Weyl connections, 
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and the discussion in [5] dealing with (among other matters) the 4-dimensional 
Einstein- Weyl equations in the homogeneous setting. 

Here is a brief outline of the remainder of this paper. In Section [21 we recall 
some of the geometry of complex and para-complex Lie algebras and in Section [3l 
we establish Theorem [L3I 



2. A REVIEW OF COMPLEX AND PARA-COMPLEX GEOMETRY 

2.1. The action of the unitary group on A 2 , _ © Aj_. If G is a Lie group, let 
Go be the connected component of the identity. The following is a useful fact; we 
omit the proof as it is an entirely elementary computation: 

Lemma 2.1. Let (V, (•, •), J±) be a pseudo-Hermitian (—) or a para-Hermitian (+) 
vector space. The natural action of the unitary group IA on Aq _ © A^_ defines a 
surjective group homomorphism ir from Uq to Oq(Aq -p) © Oo(Aj_). 

2.2. Hermitian signature (0,4). Let (V, (•, •), J_) be a 4-dimensional Hermitian 
vector space of signature (0,4). Let {ei, e 2) e3, e^} be an orthonormal basis for V 
and let {e 1 , e 2 , e 3 , e 4 } be the associated dual basis for V* . We normalize the choice 
so that the complex structure J_ and diagonal inner products are given by: 



J_ei = e 2 , J-e 2 = — ei, J_e 3 = e 4 , J_e 4 = 
(d, ei) = (e 2 , e 2 ) = (e 3 , e 3 ) = (e 4 , e 4 ) = 2, 
,e 3 



(e 2 ,e 2 ) 



(e 3 ^ 



(e 4 ,e 4 ) 



We define a complex basis {Z\, Z2, Zi, Z2} for Vc := V©rC and the corresponding 
complex dual basis {Z 1 , Z 2 , Z 1 , Z 2 } for the complex dual space Vc by setting: 



Zi 
Zi 
Z 1 
Z 1 



= \{e x - v /r Te 2 ), 
= §(ei + V=Tea), 
= (ei + v^Te 2 ), 

= (e 1 ^ 



Z 2 
Z 2 

z 2 
z 2 



= (e 3 + 
= (e 3 - 



-le 4 ), 
-le 4 ), 

-le 4 ). 



Then we have 





= 1, {Z\Z l ) = 1, 


(Z 2 ,Z 2 ) = 1, 


(Z 2 ,Z 2 


J-Z x = 




J-Zi = -V 


-lZi, 


J-Z 2 = 




j-z 2 = -V 


=1^2, 


J-Z 1 = 




J-Z 1 = -v 


^1Z\ 


J-Z 2 = 


v^Z 2 , 


J-Z 2 = -v 


^IZ 2 . 



= 1, 



Because n(Z 3 ,Zj) = (Z jt J-Zj) 



-1, the Kahler form is given by: 



fi = -v^Tj^ 1 A Z 1 + Z 2 A Z 2 } . 
Let [•, •] be a Lie bracket on Vc- Then [•, •] is integrable if and only if 

[Zi,Z 2 ] e Span{Zi,Z 2 } 
and [•, •] arises from an underlying real bracket on V if and only if 



[x, y] = [x, y] for all x, y e Vc ■ 
We define a basis {61, 62, #3} for Aq , and a basis {64, #5} for A?_ by setting: 

:= Z'A^+Z'AZ 2 , 



= \T^\{Z X A Z l — Z 2 A Z 2 ), u 2 
= V^l(Z 1 AZ 2 - Z 1 AZ 2 ), _ 

= Z 1 A Z 2 + Z 1 A Z 2 , 6 5 := y/^iZ 1 A Z 2 - Z 1 A Z 2 ) . 
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The collection {0\, ...,0§} is an orthogonal set with the diagonal inner products 
given by: 

(0 l ,0 1 )=2, (63,03) = 2, (0 3 ,0 3 >=2, (0 4 ,04>=2, (0 5 ,0 5 )=2. 

Consequently, Aq + has signature (0, 3) and A 2 , has signature (0, 2). Let 

:= {- G A 2 o, + © A 2 _ : |~ ,+ | 2 = x and |~_| 2 = y} . 

Lemma 2.2. If (V, (•, •), J_) is a Hermitian inner product space of signature (0,4), 
then {Q x ' v } x >o.y>o are the orbits oflA acting on Aq + © K 2 _. 

Proof. The sets Q x ' v are the product of a sphere of radius x in Aq , and a sphere 
of radius y in A 2 , and thus represent the orbits of 0o(Aq + ) © Co (A 2 .) acting on 
Ag , © A 2 ,. Consequently, by Lemma I2TT1 U acts transitively on these sets. On the 
other hand, since U acts orthogonally, U preserves these sets. □ 

2.3. Para- Hermitian signature (2, 2). Let (V, (•, •), J+) be a para-Hermitian vec- 
tor space of signature (2, 2). Choose a basis {e\, e%, e 3 , 64} for V so that the basis 
is hyperbolic and so that J+ is diagonalized: 

(ei,e 3 ) = (e 2 ,e 4 ) = 1, 

J + e 1 =e 1 , J+e 2 = e 2 , J+e 3 = -e 3 , J + e 4 = —ei . 
We then have that 

Q = -e 1 A e 3 - e 2 A e 4 . 

A Lie bracket on V is integrable if and only if 

[ei,e 2 ] G Span{ei,e 2 } and [e 3 ,e 4 ] G Span{e 3 ,e4}. 

We define an orthogonal basis 62, O3} for Aq _ and an orthogonal basis {64, 65} 
for A j. by setting: 

0i := e 1 A e 3 - e 2 A e 4 , 6» 2 := e 1 A e 4 + e 2 A e 3 , 6* 3 := e 1 A e 4 — e 2 A e 3 , 
0i := e 1 A e 2 + e 3 A e 4 , 5 := e 1 A e 2 — e 3 A e 4 . 

The diagonal inner products are given by: 

(0 1 ,0 1 }=-2, (0 2 ,0 2 }=-2, (0 3 ,0 3 ) = 2, 
(0 A ,0i)= 2, (0 5 ,0 5 )=-2. 

Thus Aq _ has signature (2, 1) and A 2 ^ has signature (1, 1). 

Lemma 2.3. Every orbit of the action oflA on Aq _©A^_ contains a representative 
perpendicular to 0\. 

Proof. {01,02,03} is an orthogonal basis for Aq _ where {#1,6^} are timelike and 
3 is spacelike. Lemma |2~31 follows from Lemma I2TT1 since tt(Uq) contains Oo(Aq _) 
and the corresponding assertion holds for this group. □ 

3. The proof of Theorem 11.31 

In Section 13.11 we discuss the Hodge operator. In Section 13.21 we discuss a 
specific Lie algebra which will be used in Section |3~31 to prove Theorem 1 1.31 (2) and 
which will be used in Section |3~41 to prove Theorem II .31 (1). 
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3.1. The Hodge * operator. Let {vf^, * 2 , fy 3l ty 4 } be a basis for C 4 and let 
{^P 1 , 'J 2 , VP 3 , ^P 4 } be the corresponding dual basis for the dual vector space. Take a 
hyperbolic metric whose non-zero components are defined by: 

* 3 > = (* 2 , * 4 ) = (*\ * 3 ) = (* 2 , * 4 > = 1 • 

This is a convenient notation as it is consistent with previous sections: 

(1) For Section set * a = Z x , * 2 = Z 2 , * 3 = Z u and * 4 = Z 2 . 

(2) For Section [231 set * a = ei, * 2 = e 2) *3 = e 3 , and <f 4 = e 4 . 

Let * be the Hodge operator, let dv = 'J 1 A ^ 3 A ^ 2 A ^ 4 be the volume form, 
and let S be the co-derivative. We use the identity 

U>1 A *U>2 = g{w\,bJ2)dv 



to compute: 

= A * 2 A * 4 
** 4 = I- 1 A * 3 A * 4 

Af 4 = * x A * 4 
^3 a * 4 = -* 3 A * 4 

a 4> 3 A * 4 = -* 4 



■k^ 2 = A $ 2 A * 3 , 
A * 2 = A * 2 , 

★\l> 2 A * 3 = * 2 A * 3 , 
A * 2 A * 3 = -f 2 , 

*^ 2 A * 3 A * 4 = * 3 . 



** 1 A* 3 = -* 2 A* 4 , 
★* 2 A * 4 = A * 3 , 



3.2. An example: We define a complex Lie algebra by setting: 

[*i,* 2 ] =£i*i, [*i,*4] = a 3 *i, [*2,*a] = -a 3 *3, 

[*2,*4] = "2*1 - <S 2 *3, [* 3 ,* 4 ] = £1*3- 

We verify that the Jacobi identity is satisfied: 

[[*1, * 2 ], * 3 ] + [[*2, *s], *l] + [[*3, *l], *2] 

= ei * 3 ] - & 3 [* 3 , *i] + o = + + = 0, 

[[*!, * 2 ], *l] + [[*2, * 4 ], *l] + [[*4, *l], * 2 ] 

= ei[*i,* 4 ] + [a 2 *i - a 2 * 3 ,*i] - a 3 [*i,* 2 ] 
= eia3^i + — a 3 ei^i = 0, 

[[*!, * 3 ], * 4 ] + [[* 3 , ¥4], *l] + [[*4, *l], * 3 ] 

= + ei[* 3 , *i] - a 3 [*i,* 3 ] = + + = 0, 

[[*2, * 3 ], *4] + [[*3, * 4 ], * 2 ] + [[*4, * 2 ], *s] 

= -a 3 [* 3 , *4] + £i[*3, *2] - [a 2 *i - a 2 ¥ 3 , *s] 
= -a 3 ei* 3 + eia3^3 + = 0. 

We define a para-complex structure J+ setting: 

J + V 1 =V 1 , J + V 2 =V 2 , J + * 3 = -* 3 , J+* 4 = -* 4 . 

We then have 

Q+ := -(^A^ + ^A* 4 ). 
We use the formula d^(^j, = -**([*/, *fc]) to compute: 

d^ 1 = -ei* 1 A * 2 - o^ 1 A ¥ 4 - a 2 ^ 2 A ¥ 4 , d^ 2 = 0, 
d* 3 = <5 3 ^ 2 A* 3 + a 2 ^ 2 A* 4 -£i* 3 A* 4 , d¥ 4 = 0. 

Since (5 = — * and *f2 = — £7, we have: 

SQ+ = -*d*Q + = -* A f 3 + * 2 A * 4 ) 

= A * 2 + CI3* 1 A * 4 + a 2 4' 2 A * 4 ) A * 3 } 

+ * A (a 3 ¥ 2 A * 3 + a 2 ^ 2 A * 4 - £i* 3 A f 4 )} 
= d 2 * 1 - (ej + a 3 )^ 2 - a 2 * 3 + (ei + as)* 4 , 
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dJ + 6tt + = d{a 2 ^ 1 - (ei + «3)* 2 + «2* 3 - (ei + as)* 4 } 
= — (5 2 £i 1 4 rl A * 2 - a 2 a 3 * 1 A * 4 - a^a^* 2 A * 4 
+a 2 a 3 * 2 A * 3 + a^a^* 2 A * 4 - a^Ei* 3 A * 4 
which by Theorem 11.21 yields 

Pa = Q^ei* 1 A * 2 + a 2 a 3 * 1 A * 4 - a 2 a 3 ^ 2 A * 3 + a 2 £i* 3 A * 4 . (3. a) 

3.3. The proof of Theorem 11.31 (2). We now deal with the para-Hermitian 
setting. Let S £ A 2 , _ © A 2 ^. By Lemma [2~B1 we may assume that the coefficient of 
6*i = e 1 A e 3 — e 2 A e 4 in S vanishes, i.e. 

5 = fi^e 1 A e 2 + jUiie 1 A e 4 + /^e 2 A e 3 + /i 34 e 3 A e 4 . 

We must show that E is geometrically realizable by a 4-dimensional para-Hermitian 
Lie group. We consider the Lie algebra of Section 13.21 where the parameters 
{ei, i\, 0:2, a 2 , 0:3, 0:3} are real and where we set ^ = e$; this Lie algebra is modeled 
on A 2j 2 © ^2,2 in the classification of [26] for generic values of the parameters. We 
apply Equation (|3.ap . We set oli = &2 = 1. The remaining parameters are then 
determined; we complete the proof by taking: 

El = Pl2, "3 = Ml4, «3 = ~M23, £l = M34- □ 

3.4. The proof of Theorem 11.31 (1). The question of realizability is invariant 
under the action of the structure group hi. Thus by Lemma 12.21 only the norms 
of |Ho,+ l an d |3_ I are relevant in establishing Theorem 11.31 (1). Again, we use the 
Lie algebra of Section I3T21 We set *i = Z x , * 2 = Z 2 , * 3 = Z x , * 4 = Z 2 , and 
take ei = £1, Q!2 = «2) an d 0:3 = 0:3 to define an underlying real Algebra which is 
modeled on A4.12 in the classification of j^S] for generic values of the parameters; 
see also related work in [H [251 1301 IS]- We set J_ := v^J-f. We then have 
S7_ = \J — lfi+ so 

0_ = — 5 J-^ *n_ = 5 j+5 *n + = + , 

p Q = c^EiZ 1 A Z 2 + a 2 a 3 Z 1 A Z 2 - a 2 a 3 Z 2 A Z 1 + a^iZ 1 A Z 2 , 
|S 0:+ | 2 = 2|a 2 | 2 |a3| 2 , |S_| 2 = 2|a 2 | 2 N 2 . 
If we set a2 = 1, a 3 = y/x/2, and £1 = y/y/2, then /? a e as desired. □ 
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